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Abstract

Multi-Carrier CDMA (MC-CDMA) is often considered as
an attractive alternative to DS-CDMA because it combines
good performance and high spectral efficiency. A common
assumption in the analysis of the performance of the various
MC-CDMA detectors is that they have perfect knowledge of
the fading channel. As the fading of the channel becomes
faster, however, this assumption is no longer valid, since the
channel estimation errors become significant, and deteriorate
the performance of the detectors. In this paper we consider
the case of a Rayleigh fading channel, described by a known
Gauss-Markov state-space model, which is tracked by using
the Kalman filter. We derive an analytical expression for the
performance of the Threshold Orthogonality Restoring Cor-
relation (TORC) detector in the presence of channel estima-
tion errors, and we show that the bit error rate deteriorates
significantly as the channel fading rate increases. The impli-
cations of the channel estimation errors to the selection of
the system design parameters are also discussed.

1 Introduction

The increasing demand of high data rate wireless com-
munication systems, driven by the introduction of multime-
dia applications for transmission through radio channels, has
generated the need for highly bandwidth efficient multiple
access schemes, which at the same time demonstrate robust-
ness against the hostile nature of the broadband radio chan-
nel. One such scheme is Multi-Carrier CDMA (MC-CDMA),
which appears as a candidate for broadband wireless commu-
nication systems [1].

From the several schemes combining Multi-Carrier Mod-
ulation (or OFDM) with Direct Sequence Spread Spectrum
(DS-SS) that have been proposed in the literature, the one
proposed in [2] and others independently, has attracted the
largest research interest so far. The basic idea of this scheme
is to divide the available bandwidth into a large number of
narrow subchannels, and spread each data symbol in the fre-
quency domain by transmitting all the chips of a spread sym-
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bol at the same time, but in different orthogonal subchannels.
Since the chips of all the symbols that form a multi-carrier
block overlap in time, even high data rate information can
be transmitted using a large MC symbol duration 7', which
drastically reduces ISI, allows for approximately flat fading in
each subchannel, and combats the frequency selective fading
of the channel by introducing a large degree of frequency di-
versity. The focus of this paper is on this MC-CDMA scheme.
Most of the papers that investigate the performance of the
MC-CDMA detectors (e.g. [3], [4]), make the assumption
that the multiplicative complex channel coefficients, which
describe the effect of the frequency selective channel, are
perfectly known to the receiver. This assumption can be
considered realistic, only when the fading rate of the chan-
nel is very slow, so that the coherence time of the channel
(At). spans several MC symbols, thus allowing for channel
estimates containing negligible errors. In this paper we inves-
tigate the impact of channel estimation errors on the perfor-
mance of the Threshold Orthogonality Restoring Correlation
(TORC) detector [5], [6], of a MC-CDMA system that op-
erates in a multipath, fast fading, Rayleigh channel. This
suboptimal detector was selected because it combines low
complexity with relatively good performance. It also admits
a closed form performance expression, which demonstrates
the effect of erroneous channel estimation on MC-CDMA de-
tectors which use channel information to obtain the data es-
timates. We consider the case of a channel described by a
first order Gauss-Markov state-space model, whose parame-
ters are assumed known. The receiver uses the Kalman filter,
which is the MMSE estimator for the channel described by
the above model, to track the complex channel coefficients.
This paper is organized as follows: In Section 2, a descrip-
tion of the channel model and of the MC-CDMA system is
given; in Section 3, the analytical performance of this receiver
is derived; in Section 4, numerical and simulation results are
presented; and in Section 5, we give our conclusions.

2 System Description

We consider a multiple access system where N,, users are
transmitting simultaneously in a synchronous manner using
Walsh-Hadamard orthogonal codes of length Ng. Therefore



up to Ny users can transmit at the same time. The n—th mul-
ticarrier block symbol (of duration T3) for user ¢ is formed by
taking p symbols b} (n),...,b% (n) in parallel, spreading them
with the user’s spreading sequence ¢; = [c1;...CNsi|” 5 Cji =
+1, performing frequency interleaving, and placing the re-
sulting ! (n),...u"*(n) chips into the N = puNs available
subchannels, each having width Af = 1/T}, by using an
IFFT of size N. After performing a parallel to serial conver-
sion, a guard interval is added, in the form of a cyclic prefix,
and the signals of all the users are added and transmitted
through the channel. The block diagram of the transmitter
is depicted in Figure 1. In the rest of this paper, for simplicity
of notation, we will concentrate only on one of the y symbols
each user transmits, by setting p = 1, and keeping in mind
that the frequency interleaving function still exists. Also, we
will consider binary symbols bg(n) = +1,k =1, ..., N,, form-
ing the data vector b(n) = [b1(n), ..., bnyu(n)]T, where n is
the time index denoting the n — th symbol interval.
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Figure 1: Transmitter block diagram

The transmitted signal during the n—th MC block symbol
period can be written as follows:
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where t € [nT,(n+ 1)T], T = Ty + T, T is the guard
interval chosen to be at least equal to the delay time spread
T,, of the channel, and F. is the energy per chip.

We consider the case of a fast fading, frequency selective,
Rayleigh channel, and we assume that the channel is not
changing during one MC symbol interval. We allow, however,
for variations during successive symbol intervals. Because
of the large symbol duration, the fading in each subchannel
is approximately flat, and is described by a multiplicative
complex channel coefficient h;(n),l = 1,..., Ny, which is a
Gaussian distributed, complex, discrete time random process.
Because of the frequency interleaving function, the channel
complex coefficient processes will be considered independent.
This is valid in the case when u/T, > 1/T,,. We assume that
each of these random processes is described by a first order,
Gauss-Markov model, of the following form:

hl(n + 1) = fhl(n) + Xl(n),

where x;(n) is a zero mean, white Gaussian noise process,
with autocorrelation

E{xa(n)x; (k)} = 205651 3)

and 6y, 1, is the Kronecker delta. The parameter f corresponds
to an exponentially decaying channel time correlation func-
tion [7], and is related to the coherence time (At). and the
3 — dB Doppler Spread bandwidth B, as follows:

f=eet (4)

where wy = 7By = 27/(At)...

Because of the existence of a guard interval with duration
at least equal to the channel’s delay spread, there is no in-
tersymbol interference, and the signal received by user ¢ can
be described by the following equation:

Nu Ns () 27l (t—Tg)
r(t) =YY VEN (axbi(n)e T +n(t)  (5)
k=11=1

where t € [nT,(n + 1)T, hl(l)(n) are the complex channel
coefficients which describe the channel between the trans-
mitter and the user i, and n(t) is the AWGN. For simplicity
of notation in the rest of the paper, the superscript (¢) will
be dropped. At the receiver, the signal is sampled at a rate
N/Ty, the samples which correspond to the cyclic prefix are
discarded, an FFT of size N is performed, and frequency dein-
terleaving takes place. The vector r(n) = [r1(n), ..., rns(n)]*
at the output of the deinterleaver is then fed to the TORC
detector, and to the Kalman channel estimator. The vector
r(n) is given in matrix notation by the following equation:

r(n) = /E-H(n)Cb(n) + n(n) (6)

where H(n) = diag{hy1(n), ..., hxs(n)}, matrix C = [ey | ... |
Cnw) is the Ngx N, matrix whose columns are the spreading
sequences of the users, b(n) is the data vector of the users,
and n(n) = [m(n),...,nn.(n)]T is a vector containing zero
mean, uncorrelated complex Gaussian noise samples. The
block diagram of the receiver is depicted in Figure 2.
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Figure 2: Receiver block diagram

The TORC detector uses the channel estimates to invert
the effect of the channel by attempting to invert matrix H(n).
In order to avoid excessive noise enhancement by inverting
channel coefficients with very small amplitude, the detector
discards the chips which correspond to subchannels with at-
tenuation below a chosen threshold. Then, it correlates the



resulting signal with the user’s spreading sequence, and per-
forms a threshold decision. The algorithm it uses is the fol-
lowing:

bi(n) = sgn[Re{cTU(n|n — DH '(njn — Dr(n)}]  (7)

where H(n|n—1) = diag{hi(n|n—1), ..., hys(njn—1)} is the
estimate of matrix H(n) by using information available up to
the time interval n — 1, U(n|n — 1) = diag{u(| hi(n|n — 1) |
—hrur)},l = 1,...,Ns, hrpggr is the selected threshold, and
u(x) is the unit step function.

The channel estimates hy(njn — 1), ..., hns(n|n — 1) are
obtained by using the Kalman filter. The estimator’s input
is the vector r(n), which represents the measured quantity,

and the estimate of the data vector b(n). The equation that
describes the measurement vector is derived from (6) by re-
arranging its terms:

ri(n) =di(n)hi(n) +mq(n), 1=1,...,N; (8)

where

a(n) = VES . ubi(n) )
k=1

and 7;(n) is the measurement noise process, which is white
Gaussian, with zero mean and variance 202. The Kalman

filter produces the channel estimate hy(n + 1 | n) for the
symbol interval n 4+ 1 by using information available up to
the time interval n as follows [8]:

hu(n+1 | n) = [f=Ki(n)di(n)]u(n | n=1)+Ki(n)ri(n) (10)
where the term K;(n) is the Kalman gain, which is related

to the error variance Ej(n|n — 1) = E{|hi(n) — hy(n|n — 1)|?}
by the following equation:

Ko(n) = Bl = 1)dy(n)
: & (n)Ey(njn — 1) + 202

(11)

The estimation error variance is calculated in an iterative
way:

202E;(n — 1|n — 2)

Ei(njn—1) = f? = 5
di(n—1)Ei(n—1jn —2)+ 20

+207 (12)

In the above equations d; (n) denotes the quantity given in
(9), as this is obtained by using the estimate of the data

vector b(n). In the analysis that follows we will assume that
the estimates of the previous data are correct, and therefore

that dl(n) = dl(n)
3 Performance Analysis

The decision variable for symbol b;(n) of user i, i =
1,..., N, has the following form:
vi(njn — 1) = Re{cT U(n)H " (n)r(n)} (13)

We denote with p;(njn — 1) and ¢;(n|n — 1) the magnitude
and the phase, respectively, of the estimate h;(n|n — 1),

and with e;(njn — 1) = hi(n) — h(njn — 1), the error
in the estimation of hl(n),g = 1,...,N,. If we also de-
fine m,-(n) = Re{m(n)e 7oV} and ep.(njn — 1) =
Re{e(n|n — 1)e=7@(n=11 " the decision variable given in
(13) can be rewritten in the following form:

u(pr(n|n — 1) — hrgr)bi(n)+

N, N
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In (14) the first term S;(n) corresponds to the desired signal,
the second I;(n) to the multiuser interference, the third &;(n)
to the noise, while the fourth A;(n) arises from the channel
estimation errors.

Before we investigate the distribution of the four terms in
(14), we first note that each of the channel coefficients h;(n),
which is described by the process equation (2), is Gaussian
with zero mean and with variance [8]:

1— f2n
1—f2
Clearly for large n, Var{h/(n)} = 207/(1 — f?). On the
other hand, each of the channel estimates Bl(n|n —1) is also
Gaussian, and since the Kalman estimator is the minimum

variance, linear, unbiased estimator, it has zero mean, and is
orthogonal to the estimation error e;(n|n — 1):

Var{lu(n)} = &{|(n)|*} = 205[f*" +

I (19)

E{ei(njn — A (njn —1)} =0 (16)
The error, e;(n|n—1) = hy(n) —hy(njn—1), is also zero mean
Gaussian, and its variance Ej(n|n—1) can be calculated in an
iterative way from (12), where it can be seen that the error
variance depends on the data vector b(n — 1) through the
term d?(n—1). In order to eliminate this dependency and to
obtain a quasi-steady form of equation (12), we approximate
the term d7(n — 1) by its average value N, F.. Then, in the
steady state, the error variance is given approximately by

B . 202N,E.—20%(1—f%)
B = No By +
v/ (202 (1—f2)+202 N, E;)?>+160202 N, E. f2
2N, E.

(17)

Simulation tests showed that the approximate error variance
in (17) is smaller than the actual variance by less than 1 dB,
for fading rates (wy7') between 10~* and 107!, Finally, we
notice that, as a result of the orthogonality property (16) and
the definition of the error, Var{h;(njn—1)} = Var{hi(n)} —
Ej(nln — 1) , and in the steady-state

Var{lu(nln — 1)} = 203/(1 - f*) - E; (18)



In deriving the analytical expression of the probability of
error, we follow the same approach as in [6] and we denote
with Ny the random variable of the estimated number of
subchannels with the property p;(n) > hrgr. We will say
that these subchannels are ON. Since we have assumed that
the channel coefficients h;(n) are independent, the random
variable Ny is binomially distributed and its PMF is
(Ns—no)

P(NO = ’n,o) = (no “h

nah2 L2
e h 1—e
. (19)
where 267 = 262 — Ej, and 67 = o3 /(1 — f?). Conditioned
on the number ng of channels that are ON, the signal term
Si(n) takes the value

n)|ng = v/ Eecnobi(n) (20)
The interference term I;(n) can be considered approximately
Gaussian, and its distribution has the form [6]:

Ne*no

-1

Il(n)|n0 ~ N(O,no(Nu — 1

Ee) - (21)
The estimate hy(n|n — 1) depends on the previous noise sam-
ples, but is independent of 7;(n). Therefore it can be shown

[6] that
S{plTI?l“ZM 5l =ON} =0

, g (22)
Var{ pln'rl7,1|n 5l =ON} = 22—}%6 7 Gi(#EIR)
where
t2
/ Qlr ) z>0  (23)
and Q(z) = (1/2)er fc( a:/\/§ . The noise term &;(n) can be
considered approximately Gaussian so that
2 ’L2IUB h
&i(n)|no N./\/(O,Zno%e h G < :CHR)) (24)
O’h Op

The estimate h;(n|n — 1) and the error e;(n|n — 1) are Gaus-
sian, and because of (16) they are independent. Therefore
the last term in (14) can also be approximated as Gaussian
with

203
Given the distributions of the signal (20), interference (21),
noise (24), and error (25) terms, we average over the distribu-
tion (19) of the estimated number Ny of subchannels which
are ON, and we obtain the following expression for the aver-
age probability of bit error:

—rhszI = hruar
w7 Gi (L
Oh

Ns—ng)
N, noh? h2 (Ns
_ Ng\ -4 T e
Plerror] = e 1—e 2%
n
’I’Lo:O 0
- 1oL
Q 2Ns62 4+ Ny B i% 2h2
ST ulvy 254 —F . v Ng—
‘1?—757”26 h le( 255?5)“'_(1\[“_1)(1\}:—7110)71’
h h

(26)

where 67 = 07 /(1 — f?), and the average SNR per bit v, is

defined as follows:

B NEL{|hi(n)]*} B N,E .0}
N 202 (1 - f2)02
We notice that the expression for the probability of error

obtained in [6] is a special form of (26), in the case of perfect
channel estimation (f — 1).

(27)

4 Numerical and Simulation Results

In this section we give several numerical examples that
illustrate the performance of the MC-CDMA system under
consideration, by evaluating expression (26) for the probabil-
ity of error. We also present simulation results, which demon-
strate close agreement with the theoretically predicted per-
formance. In all cases we normalize the channel coefficients
so that

20,21
1—f2
From (28) it is obvious that, in order to keep a constant
reference in the definition (27) of SNR, the variance o should
be varied accordingly as f changes for different fading rates
wdT.

As the channel fading becomes faster (wqT = 27T/(At),

increases), the estimation error and its variance E; grow
larger, thus increasing the variance of the term A;(n). This,
in turn, degrades the performance of the detector, and this
is depicted in Figure 3. We can see that for a probability of
error 1073, the performance deteriorates by 1 dB for a fading
rate of wyT = 1073, by 3 dB for a fading rate of wyT = 1072

while for very fast fading, wyT = 10~!, the detector performs
very poorly.

E{lmmPP} =1 < =1 (28)

BER vs SNR (Nu=64, Ns=64, Threshold 0.09)
T T T T

theoretical
known channel

Kalman (03, T=10" )
Kalman (w T=10" )
Kalman (w T=10"")

H
o
T
o % 0o
o * 00

I I I I I I
6 8 10 12 14 16
SNR

Figure 3: BER as a function of v, (1073 < wyT < 1071).

It has been shown [3], [6], that there is an optimal selec-
tion of the threshold hrpgr for each SNR. In Figure 4, the
dependence of the probability of error on the threshold hrpygr
is depicted, for 7, = 15 dB. We notice that as the channel
fading becomes faster, the optimal threshold hr g r increases.
An interesting question for further investigation would be to
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Figure 4: BER as a function of hrgr (1073 < wyT < 1071).

find an adaptive way of selecting the threshold hrgygr, de-
pending on the observed SNR and the channel fading rate.

Another implication of the channel estimation process is
on the selection of the length of the spreading sequences ;.
We expect that increasing Ny will improve the performance
of the system, by introducing a larger degree of frequency
diversity. This is, indeed, true in the case when the channel
is perfectly estimated at the receiver. However, for a fixed
total bandwidth W = uN;Af, increasing Ns by a factor
A, implies that Af,e, = Af/\, and that the new symbol
duration should be Tjpew = 1/Afpew = ATp. Therefore,
the fading rate wyT is also increased A times, thus affecting
adversely the performance of the system. This can be seen
in Figure 5, where, although in the case of perfect channel
knowledge the system with Ny = 64 outperforms the one
with Ny = 16, in the case of imperfect channel estimation it
performs worse, because it is subject to a fading rate that is
four times higher.
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Figure 5: Impact of estimation errors on the selection of V.

5 Conclusions

In this paper the performance of the TORC detector of
a MC-CDMA system operating in a fast fading, multipath

Rayleigh channel, in the presence of channel estimation er-
rors was investigated, and an analytical expression for the
probability of error was derived. The results obtained show
that the performance of the system deteriorates significantly,
as the fading becomes faster. The optimal threshold for a
given SNR also depends on the fading rate, and increases
with increasing fading rate wyT'. It was also found that in-
creasing the degree of frequency diversity by increasing the
length of the spreading sequences, might even have a nega-
tive impact on the performance of the system, depending on
the fading rate of the channel. For a given channel coher-
ence time (At.) and total bandwidth W, there is an optimal
selection of the number of subchannels.

In the analytical derivation of the performance of the MC-
CDMA system considered in this paper, the assumption that
the channel is described by a perfectly known, first order,
Gauss-Markov model is fundamental. This assumption, how-
ever, although more realistic than that of a perfectly known
channel, is still too simple, and a higher order model would
be more appropriate to describe more practical channels.
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